Entanglement Creation Using Quantum Interrogation 
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We present some applications of high efficiency quantum interrogation ( "interaction free measure- 
ment" ) for the creation of entangled states of separate àtoms and of separate photons. The quantum 
interrogation of a quantum object in a superposition of object-in and object-out leaves the object 
and probe in an entangled state. The probe can then be further entangled with other objects in 
subsequent quantum interrogations. By then projecting out those cases were the probe is left in a 
particular final state, the quantum objects can themselves be left in various entangled states. In 
this way we show how to generate two-, three-, and higher qubit entanglement between àtoms and 
between photons. The effect of finite efficiency for the quantum interrogation is delineated for the 
various schemes. 

PACS numbers: 03.65.Ta,42.50.Ct,03.67.-a 



I. INTRODUCTION 

Quantum Information processing is currently receiv- 
ing considerable attention |ï], ||, with significant effort 
focussed on finding applications. Known applications in- 
clude quantum computation J3], Q), quantum communi- 
cation quantum cryptography || 0, |[ |), quantum 
teleportation jïo], [ïï], |Ï2| , quantum dcnsc coding |Ï3| and 
high precision measurements jÏ4], [ïq| . At the heart of 
many of these applications is entanglement, which is gen- 
erally thought to be one of the key resources required in 
quantum information processing. The characterisation 
of entangled states and entanglement is a challenging- 
problem and a considerable theoretical effort has been 
invested in characterising entanglement in a variety of 
physical situat ions |§ [l| |ÏJ, |J, ||, H ü . 
Likewise there has been considerable experimental effort 
i n developing techniques for creating highly entangled 
resources (e.g entangled photons or ions |2(|), in- 
cluding the ability to produce arbitrary entangled states 

In this paper we propose several schemes using quan- 
tum interrogation (QI) to generate entanglement between 
the states of separate partides, expanding on a sugges- 
tion in reference p9[ , The technique of quantum inter- 
rogation (also known as "interaction free measurement" ) 
has its roots in "negative results" measurements origi- 
nally discussed by Renninger |3(J , and later by Dicke Q 
who analyzed the change in an atom's wave-function by 
the non-scattering of a photon from it. In 1993 Elitzur 
and Vaidman (EV) proposed a particularly dramàtic ver- 
sion where a photon was used to ascertain the presence 
of a light sensitive bomb without the bomb exploding, 
hence seemingly without interacting with it j32j. The 
EV scheme works with at best an efnciency of 50%, 
i.e. at most 50% of the measurements are "interaction 



free" . High efficiency schemes making use of the quan- 
tum Zeno effect |3j| were proposed by Kwiat et al. |3^| 
and achieved an efficiency of 74%. An alternative scheme 
using high finesse resonators was introduced by J35| and 
achieved a comparable efficiency. The above figures take 
into account other losses that we will not consider, so to 
avoid confusion we will characterize out figures of mèrit 
against the number of cycles in a QI. 



Consider an idealized high-efficiency quantum interro- 
gation scheme, of the type presented in |Q, in the limit 
of perfect efficiency. We shall take the absorbing ob- 
ject to be a quantum device that can be in one of two 
states: |0) a representing object-out, i.e. a completely 
transparent object; and |l) a representing object-in, i.e. 
a completely absorbing object. We shall probe the state 
of the object using a photon which can be in one of the 
two states |0) p or |l) p which can be represented schemat- 
ically as two ports to the device as in figure |ï|(a). The 
two states of the photon could be, for example, different 
polarization states as in figure |ï|(b) (figure taken from 
Kwiat et al. Q) or different spatial modes. 



Quantum interrogation functions in the following way: 
with the object out a probing photon initially in state 
|0) p or |l) p remains unchanged and èxits the device in the 
same state [as in figure |ï|(b) with the addition of a 90 deg 
polarization rotation at the end]. With the absorbing 
object in state |l) a (object-in) then a photon initially in 
state |0) p will evolve to state without changing the 
state of the object (an "interaction free measurement"). 
If we probe the object with a photon initially in state 
|l) p the photon will certainly get absorbed by the object 
— this event was dramatized as a bomb exploding in the 
EV scheme. 
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With this representation the behavior of the quantum 
interrogation is tantalizingly close to the operation of a 
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FIG. 1: (a) An idealized quantum interrogation and the 
labeling of logical qubits. |0) and |1) are the logical states 
of the probe particle and |0) and |1) are the logical states of 
the object. (b) An optical implementation of high- efficiency 
quantum interrogation. The probe particle is a photon for 
which horizontal and vertical polarization represent the target 
qubit state and the presence or absence of an absorbing object 
represents the control qubit state. 



CNOT gate. That is we have the mapping Q: 



Q: 
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where the first mode represents the state of the ob- 
ject and the second the state of the photon. We could 
equally have fiipped the interpretation of the two ports 
so that with the object in we would have |11) — > 1 10) 
and 1 10) — » \boom!}, we shall represent this alternative 
map as Q r . It should be noted that since only a single 
combination of the terms in the map (@) fails, if we can 
detect the failure event (detecting the bomb exploding) 
then we could in principle recreate the appropriate state. 
We shall, however, assume that this is not possible for 
the purposes of this paper. 

Despite not having access to the full lògic table for a 
CNOT, the device proves remarkably useful as can be 
seen from some of the quantum circuits that can be con- 
structed using it depicted in figure |^. There are threc 
principal obstructions to performing these ideal circuits: 

1. The effect of finite efficiency in the quantum inter- 
rogation scheme. 

2. The potential inability to switch the ròles of the 
control and target. For instance, it is much easier 
to have an interferometer using photons (the tar- 
get) and a suitable atom as the quantum object 
(the control), than to have an atom interferometer 
repeatedly probing the state of a single photon. 
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FIG. 2: Several quantum circuits constructed using a per- 
fect efficiency quantum interrogation measurement, Q, and, 
Q r , which are explained in the text. H is a Hadamard gate. 
Circuit (i) creates Bell states. Circuit (ii) is a quantum bus, 
which swaps a qubit from one channel to another. Circuit 
(iii) creates a GHZ state. 



3. The effect of a semi-transparent object, for instance 
see reference [|6[ [37| . 

In this paper we shall examine the first two issues and 
leave the third for a subsequent work. In the schcmes 
that follow we shall restrict ourselves to using the state 
of some atom as the control qubit and the state of a 
photon as the target qubit. In section || we present a 
simple model of a quantum interrogation measurement of 
a specific quantum object. In section |ï| we propose three 
conditional schemes to generate Bell, W, and GHZ type 
entanglement in the state of two and three àtoms using 
photons as mediators. 
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In section 

an atom to generate Bell and GHZ type entanglement 
between separatc photons. 



II. THE MODEL 

We can represent the quantum interrogation apparatus 
as a series of N Mach-Zender interferometers laid end on 
end as in figure || where it is understood that the absorb- 
ing object labelled A in the figure is the same object each 
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FIG. 3: Schematic representation of a high-efïiciency quan- 
tum interrogation. A single photon probes the state of an 
atom A, through repeated passes through a Mach-Zender in- 
terferometer. The flow of time is to the right. Note that there 
is an initial 180° phase shift P applied to the top arm, and 
a final interchange of the modes in order to achieve a more 
convenient lògic structure. 
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if necessary. 

The cffccts of the atom and bcam splittcrs on the 
modes (in the logical basis) are then: 



A 

B fí 



|1)J0) P - |l> o |0> p 

|l> B |l>p - l°>» P 

|0) p -> cos0|O) p + S m0|l> p 

m -> cos0|l> D -sin0|O) D 



(2) 



(3) 



where the refiectivity R = cos 2 9, and |s) represents a 
scattered photon. Note that a photon being absorbed 
and scattered by the atom removes the system from the 
logical basis (there will be no photon in either p t or pb) 
and in writing the state \s) we are using a convenient 
shorthand to denote this event. 

After N cycles within the quantum interrogation, with 
the atom and photon initially in state \4>o), we will evolve 
to the state, 



SÀ N ÈÀ N - 1 ...ÈP\</> ), 



(4) 



FIG. 4: Model of the interaction with the atom and the la- 
beling of the logical basis. The levels |m), |e) and \g) are 
meta-stable, excited and ground states respectively. A pho- 
ton in the top mode of the quantum interrogation (pt) can 
induce a coherent evolution between states \m) and \e). State 
\e) experiences ràpid decay to the ground state, releasing a 
scattered photon s. 



time. This is equivalent to the experimental arrangement 
in figure |ï](b). We shall label the light modes above and 
below the beam splitters as modes p t and pb respectively. 
Thus a photon in the top mode (|1) |0) ) will be used 
to code a logical |1) for the photon qubit, and a photon 
in the bottom mode (|0) |l) Pb ) will code a logical |0) 
for the photon qubit. 

We shall take as our model of the absorbing object a 
three level atom, similar to that introduced in pq] , de- 
picted in figure |J The atom can start in a meta-stable 
state \m), from which it will absorb a photon from mode 
p t with unit efficiency. After absorbing a photon the 
atom immediately decays from the excited state |e) to the 
ground state \g) which is far off-resonance from the meta- 
stable state. We are able to neglect the re-absorption 
of the emitted photon so this forms an essentially irre- 
versible process. We can then label the meta-stable state 
as our logical |1) (object-in) for the atom qubit. The 
atom in its ground state is transparent to the pt pho- 
tons, and so we can label the ground state as our logical 
|0) o (object-out) for the atom qubit. Note that filtering 
off the higher frequeney scattered photons removes the 
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In what follows the atom is always considered to be 
the control qubit and the photon the target qubit and 
we shall always write them in that order. We shall use 
the subscripts p and a to denote photon and atom only 



where P is a 180° phase shift and S represents the final 
swap of the modes — these operations are done to achieve 
a "nice" lògic structure. 

With the atom in state |0) (object-out) after A^-cycles 
we have: 



|0) p - cos(iW)|l) 



i(JW)|0>, 



II) 



-cos(A^)|0) p + sin(A^)|l) p 



(5) 
(6) 



We choose 9 = n/2N so that |0) p — > |0) p and similarly 

i) P -:i) P - 

Now consider the atom initially in the state |1) 
(object-in), After N cycles equation (|J) yields 

AT-l 

|1) Q |0) P - cos*0|ll>+ S m0£co S ^|O Sj ) (7) 

3=0 



sin^cos^" 1 ^!!!) 



N-2 



- cos6»|0s') + sin 2 9 ^ cos 3 9\0 Sj ) (8) 

3=0 

where we have dropped the subscripts for the kets on the 
right. 

In the limit that TV — > oo then all the terms with a 
sin 9 disappear and equations @-(||) show the lògic given 
in ©. 



III. ATOM ENTANGLEMENT PREPARATION 

In this section we present schemes for generating sev- 
eral types of entangled states between àtoms of the type 
described in section |fj using photons as a mediating par- 
ticle. These schemes allow the entanglement of separated 
àtoms without ever bringing them into direct interaction 



with each other. All the schemes are non-deterministic 
in that they will work only a certain percentage of the 
time, when a specific result is obtained upon measuring 
the photon. This is a limitation that is common to many 
cntanglement generation schemes. There is an added ad- 
vantage in using a conditioned scheme in our case. De- 
tecting the final state of the photon in either |0) (photon 
in mode pb) or in 1 1) (photon in mode pt) means we con- 
dition out those cases where the atom absorbs a photon 
since the photon will be removed from both modes of the 
interferometer. This guarantees that we generate a pure, 
entangled, state. 

To characterize the success of a scheme in generating 
a particular entangled state we shall use the Fidelity |4lf| 
F which is simply 



F - KV'desiredl ^actual)! 



(9) 



and the tangle r, which is the square of the concurrence 
p7[ from which the entanglement of formation can be 
calculated. For a mixed state p of two qubits, the con- 
currence C if given by 



C = max(Ai — A2 — A3 — A4, 0) 



(10) 



where the A^ are the square roots of the eigenvalues, in 



decreasing order, of pp 



) a" and p* de- 



notes the complex conjugation of p in the computational 
basis {|00),|01),|10),|11)}. 

The tangle is vàlid for two qubits; for three qubits in 
a pure state we will use the 3-tangle Q which gives the 
purely three way entanglement of the system: 
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T A(BC) - T AB - TAC 



(11) 



and can be understood loosely to embody the amount of 
cntanglement of qubit A with qubits B and C over and 
above the amount of entanglement of qubit A with B and 
of A with C. 

Consider the scheme depicted in figure [òj Two àtoms 
are initially placed into in a superposition state. A pho- 
ton makes a QI of the first atom, and is then used to 
make another QI of the second atom, where upon it's 
measured in the state |0) (i.e. exiting in mode pb of the 
last QI). In the limit of high cfficiency QI, the two àtoms 
will be left in a maximally entangled Bell state. 

If initially we let the àtoms be in arbitrary superposi- 
tion states, i.e. we have 

l^o) = K|0) ai +/3i|l) ai )(a 2 |0) Q2 +ft|l)J|0) J , (12) 

then after N cycles within each QI, the final state of the 
system conditioned on a successful measurement of the 
state |0) is 



\*I>n) = AA{aia 2 |00) +/3i/3 2 c 2JV |ll 
+ SC JV - 1 a 1 /3 2 |01)} 



(13) 



where c = cos 9, s — sin#; and the normalization Af is 
determined by the requirement that (iPn\iPn) = 1 after 
the state is conditioned on a successful measurement. 
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FIG. 5: Non-deterministic generation of the Bell state ( 00} + 
|ll))/v2. Two àtoms are initially prepared in superposition 
states by Hadamard transformations. A photon is then used 
to probe each atom in turn using quantum interrogation. In 
the sub-ensemble of cases were the final state of the photon 
is measured to be |0} p (mode pi) the àtoms have been left in 
the required Bell state. 
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FIG. 6: The conditional generation of a Bell state, following 
the scheme in figure |^. Plotted as a function of the number 
cycles N through each QI is (i) the probability of successful 
operation P, which has a limiting value of 1/4 (dashed line), 
(ii) the Fidelity against the desired Bell state F, and (iii) the 
tangle r of the output state. 



In figure || we plot the probability of successful op- 
eration P, the fidelity F and the tangle r against the 
number of cycles in each QI for generating the Bell state 
(|00) + \U))/y/2, with ai, 2 = 0x, 2 = l/y/2. 

We can access the other Bell states [(|01)±|10))/a/2] by 
either swapping the second quantum interrogation from 
Q to Q r and conditioning on the detection of \X) p , which 
amounts to swapping the ports of one of the quantum 
interrogations; or by using local operations on the final 
state. We can therefore tune our device to produce a 
desired type of entanglement. 

We can extend the technique to three àtoms, and gen- 
erate an entangled three-qubit state. We will present 
two schemes to generate two types of three-qubit entan- 
glement, which are inequivalent under local operations 
and classical communication (LOCC) ptcfl . 

Firstly we will examine the scheme in figure [7] for gen- 
erating the W entangled state, \W) = (|001) + |010) + 
1 100) ) / a/3. With three àtoms initially in superpositions, 
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FIG. 7: A non-deterministic preparation of the IT-state using 
an auxiliary mode. Àtoms initially prepared in superposition 
states are probed in turn using QI. In the cases were the final 
state of the photon is |l) p the àtoms have been left in a W 
entangled state. 



the photon probes each àtom in turn with a QI before 
being detected in the state \l) p . 

The \W) state has only pair-wise entanglement, so we 
plot the tangle between pairs of qubits in figure |[ to- 
gether with the probability of success and the fidelity. 
For an ideal \ W) state the tangle between pairs of qubits 
is r = 4/9. 

If each atom starts in an arbitrary superposition of 
a j\®)a + /%| l) a . where j indexes the àtoms, then after 
N cycles in each QI following the scheme in figure we 
obtain 

N t 
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FIG. 8: The conditional generation of a IT-state following 
the scheme in figure |^. Plotted as a function of the number 
cycles N through each QI is (i) the probability of successful 
operation P, with a limiting value of 9/64 shown as a dotted 
line; (ii) the Fidelity against the target VF-state F; (iii) the 
tangle between pairs of qubits r (all pairs have equal tangle), 
the theoretical limiting value of 4/9 is shown as a dashed line. 
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In figure [8| are plotted various performance parameters 
against N for generating the |IT) state starting with a 
symmctric superposition in each atom. 

As before we can access other IT-states either by 
changing a Q to a Q r and conditioning on a |l) p , or 
by using local operations on the final state. By ex- 
tending the circuit in figure |t] in the obvious way to 
more modes we can create higher order IT-states such 
as (|1000) + |0100) + |0010) + |0001))/2. 

Finally we can use this technique to induce a GHZ state 
in three separated àtoms by using two auxiliary photons 
as depicted in figure ^[ Here, with the àtoms prepared in 
superposition states, the first photon probes àtoms onc 
and two in turn, and the second photon probes àtoms 
two and three in turn, before both photons are detected 
in the joint state |00) pip2 . 

With the àtoms each initially in the arbitrary superpo- 
sition states ctj\0) a . +/3j\l) a . where j indexes the àtoms, 
then after N cycles in each QI we get 

\^ N ) = AA{a 1 a 2 a 3 |000)+c 4Ar /3 1 /3 2 /3 3 |lll) 

+sc JV - 1 a 1 a 2 /? 3 |001) + sc^'V^lOU)} 

In figure |Ï0| we characterize the success of generating the 
st ate ( 1 000) + 1 1 1 1 ) ) / V2 with the three -way tangle r 3 , and 
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FIG. 9: A non-deterministic preparation of the GHZ state 
using two auxiliary modes. After three àtoms have been pre- 
pared in superposition states, a photon probes àtoms oi and 
02 using QI. Another photon probes àtoms a,2 and 03 also 
using QI. In the cases were the final state of both photons is 
00} pip2 the àtoms are left in the GHZ state shown. 



the fidelity F, for àtoms initially in equal superposition 
states. 

It should be noted that the circuit in figure |^ is em- 
bedded within the circuit in figure ^ and in fact the con- 
struction can be extended recursively to generate states 
of the form (|0000) + |llll))/\/2 and higher. Also, as in 
the previous cases we can access other GHZ states. 

It should be emphasized that in the three schemes pre- 
sented in this section, the post selection ensures that the 
final states are pure states, as it seleets specifically the 
cases where incoherent evolution has not oceurred. 
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FIG. 10: The conditional generation of a GHZ state following 
the scheme in figure |^. Plotted as a function of the number 
cycles N through each QI is (i) the probability of successful 
operation P which has a limiting value of 2/64, (ii) the Fi- 
delity against the target Bell state F, and (iii) the 3-tangle 
T3 of the output state. 
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FIG. 12: Fidelity of output state for the circuits in figure |ïï| to 
generatc 1 00} + |11) and 000} + |111), when compared against 
those states. 



means that not only will we end up with mixed states if 
we trace over the environment but some of those states 
will be outside our logical basis (for instance the case 
where there are no photons in either the top or the bot- 
tom mode) . For this reason we shall only plot the fidelity 
against the desired state (in the ideal case where there 
are no absorptions). In figure [Ï2] we plot the fidelity of 
the output state compared with the desired state, for 
circuits to generate a Bell state ( ( 1 00) + |ll))/-\/2) and 
a GHZ state ((|000) + |lll))/%/2). Although the conver- 
gence is not as ràpid as for the atom-entangling schemcs 
we still approach the desired state in relatively few cycles. 



FIG. 11: Using a measurement with a classically conditioned 
Z gate (Pauli <r z ) to replace one of the quantum interroga- 
tions. 



IV. PHOTON ENTANGLEMENT 
PREPARATION 

In the previous section we used a photon to entangle 
separate àtoms, in this section we'll present a scheme to 
use an atom to entangle independent photons. With an 
atom in a superposition state we probe its state using 
n photons, in n consecutive QFs as in figure [n} Mea- 
surement of the final state of the atom can be used to 
classically condition a gate (a Pauli a z transformation) 
on one of the photons. 

An advantage of this scheme is that in the ideal quan- 
tum interrogation limit, it works deterministically — it 
is not conditioned on the detection of a particular result. 

For this scheme and for finite N we have a more limited 
group of measures of how close we are to the ideal scheme. 
Where as in the previous, atom entangling, schemes the 
post selection ensured the final states would be pure, this 
is not the case for the photon entangling scheme. This 



V. CONCLUSIONS 

To conclude, in this paper we have described how high 
efficiency quantum interrogation can be used to generate 
entangled partides. The protocols provide a mechanism 
by which two or more àtoms can be entangled via a me- 
diating photon (the photon can be thought of acting as 
a bus) or altcrnatively how two or more photons can be 
entangled via a mediating atom. 

The attractive aspects of the proposal are the entan- 
glement is created without making use of prior entangled 
states; the entanglement is tunable (i.e. using the same 
apparatus allows you to set the degree and type of entan- 
glement, including accessing differcnt classes of higher- 
order entanglement); and that for the àtoms the entan- 
glement is achieved in-situ, without needing to bring the 
àtoms in proximity of each other. 

Although the scheme presented here is idealised (per- 
fcct optical elements and no losses) a high degree of 
entanglement is achieved in remarkably few cycles in 
the quantum interrogation, leading to a hope that in a 
real applications, entanglement by these schemes may be 
achievable with current technology. 
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